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 Abstract - This paper presents an analysis of the 
wavenumber spectra of intermediate-scale waves 
(wavelengths between 0.02 and 6 m) under various 
sea-state conditions. The main result of the analysis is 
that the dependence of the dimensionless wave 
spectrum on the dimensionless wind friction velocity 
follows a power-law function. The coefficient and 
exponent of the power-law function vary 
systematically with the wavenumber. The wavenumber 
dependence of the coefficient and exponent serves as 
an empirical parameterization for computing the 
wavenumber spectra of intermediate-scale waves at 
different wind speeds. Calculation of the mean-square 
slope from the resulting wavenumber spectrum 
confirms that intermediate-scale waves are the 
dominant contributor of the ocean surface roughness. 
A simple formula is presented for calculating the 
band-pass filtered mean-square slope of the ocean 
surface for remote sensing applications. 

I. INTRODUCTION 

 Surface waves a few centimeters to a few meters 
long (referred to as the intermediate-scale waves 
hereafter) are generally believed to be the dominant 
contributor of the ocean surface roughness. So far, 
reliable measurements of intermediate-scale waves in 
the ocean environment are essentially nonexistent. As a 
result, verification of that assumption based on field 
data has not yet presented. Due to the large Doppler 
frequency shift when traditional point-measurement 
systems are employed, the measurement accuracy of 
intermediate-scale waves in the ocean is difficult to 
assess. Most ocean wave data focus on the energy-
containing frequency band in the neighborhood of the 
displacement spectral peak. A small fraction of the 
wave data focuses on the length scale of gravity-
capillary waves, using mainly optical scanning sensors 
to conduct spatial measurements to avoid the tricky 
problems associated with the Doppler frequency shift 
[e.g., 1-2]. Extending optical scanning techniques to 
wave components several meters long for field 
applications is prohibitively expensive and impractical. 
Ref. [1] suggested that the problem of Doppler 
frequency shift can be alleviated by using a free-drifting 
measurement technique. The effectiveness of removing 
Doppler frequency shift by free-drifting operations was 
demonstrated by comparing the wavenumber-frequency 

spectra measured by linear arrays of wire gauges 
deployed in free-drifting and fixed-station 
configurations [3] and reliable conversion of the wave 
spectrum from frequency to wavenumber domain can 
be expanded into intermediate-scale wave components.  
 Ref. [3] presented an analysis of field measurements 
of intermediate-scale waves. Following the suggestion 
by Ref. [4], the data were processed to investigate the 
empirical functional dependence of the dimensionless 
spectrum, B(k), on the dimensionless wind friction 
velocity, u

*
/c, where k is the wavenumber and c is the 

wave phase speed. The result shows that B(k) can be 
expressed as a power-law function of u

*
/c. The 

coefficient and exponent of the power-law function are 
wavenumber dependent. In this paper, using the above 
result serving as an empirical parameterization 
function, the wavenumber spectra of intermediate-scale 
waves at different wind speeds are quantified (Section 
II). The properties of the mean-square slopes integrated 
over different wavenumber ranges are investigated in 
Section III. A summary is given in Section IV. 

II. EMPIRICAL PARAMETERIZATION  

 In a discussion of the source function balance of 
short ocean surface waves that are important to remote 
sensing applications, Ref. [4] emphasized that the 
knowledge on the variation of the wavenumber 
spectrum with wind speed can provide valuable 
information on the properties of the dissipation 
function. Ref. [3] reported an analysis of the wave 
spectra collected in the ocean using a free-drifting 
technique. The spectra are divided into two different 
groups: wind seas and mixed seas. The range of wind 
speeds is 3.6 to 14.2 m/s for the former group (291 
cases), and 2.6 to 10.2 m/s for the latter group (106 
cases). For each wave component, the scatter plot of 
B(k) as a function of u

*
/c shows a general power-law 

dependence,  
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The coefficient and exponent of the power-law function 
for each wave component can be calculated from least-
square fitting of the ocean data. The variations of A0 
and a0 with k are depicted in Figs. 1a and 1b, 
respectively. Ref. [3] presented fifth-order polynomial 
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fitting functions for A0 and a0 but the polynomial 
functions obviously missed many fine features of the 
variations (see their Fig. 3). Here the computation is 
carried out by using a lookup table interpolating 
through the measured data, the interpolated curves 
capture most of the subtle details of the variations in A0 
and a0 (compare the continuous curves and discrete data 
in Figs. 1a-b). For the range 1<k<2 rad/m, the scatter of 
the mixed-sea data is large and the wind-sea data in this 
range are used for both wind seas and mixed seas.  

 
Fig. 1. (a) A0, and (b) a0 of the power-law function derived from least-
square fitting of field data. B(k) computed from the parameterization 
function (1) using table lookup for A0 and a0: (c) Wind seas, and (b) 

mixed seas. 
 Fig. 1c-d displays the computed wavenumber 
spectra over a range of wind speeds using the 
parameterization function (1) for the wavenumber range 
1≤k≤316 rad/m. The semilogarithmic plots in the top 
panels represent the area-conservation representation of 
the mean-square slope of the ocean surface, that is, the 
area under the curve over a range of wavenumbers 
represents the mean-square slope of the corresponding 
spectral wave components, because for the omni-
directional spectrum B(k)=kS1(k), where S1 is the omni-
directional wave slope spectrum (Appendix of Ref. [5]). 
The results for the wind seas are plotted in Fig. 1c and 
those for the mixed seas in Fig. 1d. The background 
ocean waves modify the spectrum of intermediate-scale 
waves in a somewhat complex way. For waves shorter 
than about 1 m, the background waves enhance the 
spectral densities of intermediate-scale waves at lower 
wind speeds but reduce their spectral densities at higher 
wind speeds. For longer intermediate-scale waves, the 
effect of background waves is opposite to that for the 
shorter waves. The magnitude of the spectral 
fluctuations deviating from the wind-sea condition is 
usually within about 20 percent for most intermediate-
scale wave components in the available data. The 
critical wind speed separating these two opposite trends 
is somewhat higher than 6 m/s. Interestingly, the wind 
speed 7 m/s is frequently associated with the inception 
of more-intensive breaking events in the ocean and the 

transition of the surface roughness condition from 
smooth to hydrodynamically rough. The results shown 
in Fig. 2c may reflect the influences of breaking wave 
and surface roughness conditions on the intermediate-
scale waves. The detailed effects of wave breaking and 
roughness conditions on the properties of short- and 
intermediate-scale waves in the ocean are not well 
understood. Theoretical investigations on related 
subjects have indicated that the mechanisms of wave-
turbulence interaction and wave breaking exert strong 
impact on the air-sea momentum transfer and wind-
wave generation [e.g., 6-7]. From the empirical data 
gathered here, it is found that the response of wave 
components between 1 and 2 m long to the background 
waves is opposite to that of shorter waves. The data 
quality of wave components longer than 3 m (1<k<2 
rad/m) in the present dataset is not very good for the 
mixed-sea conditions, judging from the large data 
scatter of A0 and a0 in this wavenumber range shown in 
Figs. 1a-b, and it is difficult to determine the influence 
of background waves on the longer components of 
intermediate-scale waves. 
 For the wavenumber range kp<k<1, where kp is the 
wavenumber at the peak of the surface displacement 
spectrum, the equilibrium spectral function is assumed, 

  0.5 2.5 3*
*( )e

uS k bu g k b k
c

− − −= = , (2) 

where the spectral constant b≈5.2×10-2 is used, and g is 
the gravitational acceleration. The corresponding 
dimensionless spectrum is 

  *( )e
u

B k b
c
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. (3) 

 The results shown in Fig. 1c-d illustrate that 
intermediate-scale waves are the dominant contributor 
of the ocean surface mean-square slope. The peak of the 
distribution of mean-square slopes represented by B(k) 
is near 20 rad/m at 3 m/s, and moves toward higher 
wavenumber as wind speed increases, reaching to about 
200 rad/m at 18 m/s. The dropoff of the spectral 
densities at the higher wavenumber end (waves shorter 
than about 2 cm) is quite steep. There is an apparent 
kink at k=1 rad/m in merging B(k) and Be(k), possibly 
due to the relatively simple equilibrium spectral model 
used here. This is not considered to be a significant 
drawback for the discussion of ocean surface roughness 
because the contribution of long gravity waves to the 
overall mean-square slope of the ocean surface is 
relatively small. The kink can be smoothed by 
interpolation using the spectral data in the 
neighborhood of k=1 rad/m. A simple linear 
interpolation is applied to B(k) in the range 6kp<k<1.2 
rad/m using values of B(6kp) and B(1.2).  No smoothing 
is applied if 6kp≥1 rad/m. The smoothing of the spectral 



kink only introduced a minor change in the mean-
square slope computation and does not alter the main 
conclusions discussed in this paper. 

III. MEAN-SQUARE SLOPE 

 Using the wavenumber spectrum presented in the 
last section, the mean-square slope, s, of the ocean 
surface can be calculated. Because waves longer that 
the wavelength at the spectral peak make only 
negligible contribution to the total mean-square slope, 
the lower-bound wavenumber for integration is set at 
kp. The highest wavenumber of the spectrum considered 
here is 316 rad/m, thus the mean-square slope 
computed in the following covers almost the full range 
of the gravity wave spectrum.  
 The results calculated for the upper-bound cutoff 
wavenumbers of 316, 63 and 21 rad/m (cutoff 
wavelengths 0.02, 0.1 and 0.3 m) for wind seas and 
mixed seas are shown in Fig. 2. For comparison, field 
data of the mean-square slopes obtained from the 
analyses of sun glitter [8] and airborne Ku-band radar 
backscattering cross sections [9] are superimposed in 
the figure. The sun glitter data are further divided into 
two groups, clean surface and artificial or manmade 
slicks. The slicks suppress short waves, and the cutoff 
wavenumber was estimated to be about 21 rad/m, that 
is, waves shorter than 0.3 m were suppressed [8]. The 
agreement between field data and computations appears 
to be reasonable considering the large scatters in the 
data due to difficulties in the acquisition and analysis of 
such measurements. The sun glitter data in clean water 
conditions compare well with the mean-square slope 
integrated from kp to 316 rad/m, which does not extend 
into the capillary regime of the wave spectrum. In later 
theoretical analyses of the relationship between the 
surface wave spectrum and the mean-square slope [e.g., 
10-11], it has been speculated that capillary waves may 
not contribute a significant portion to the ocean surface 
mean-square slope but a definitive proof remains 
unavailable. On the other hand, Ref. [12] evaluated the 
assumptions used in the data processing of sun glitter 
by Ref. [8] and concluded that the contribution from 
very steep surface slopes cannot be recovered from the 
mean-square slope data derived from the sun glitter 
measurements as processed. Thus the result reported in 
Ref. [8] only serves to provide a lower bound of the 
ocean surface mean-square slope. The analysis of 
intermediate-scale waves presented here seems to 
support that view point. 
 Ref. [9] derived the mean-square slope of the ocean 
surface from measurements of the airborne Ku-band 
altimeter backscattering data. Using their estimation of 
the diffraction limit of 0.1 m, the mean-square slope 
integrated from kp to the corresponding wavenumber 
(62.8 rad/s) yields reasonable agreement with their 

analysis (Fig. 2). 

 
Fig. 2. Mean-square slopes integrated from kp to different 

upper-bound wavenumbers, ks. Field data from sun glitter and 
altimeter scattering analyses are also presented for 

comparison. 
 The wavenumber spectrum described here can be 
used to calculate the mean-square slopes of arbitrary 
wavenumber bands of surface gravity waves. The 
quantification of the band-pass filtered mean-square 
slopes, such as the tilting and Bragg scattering 
components of the sea surface roughness, are frequently 
needed in many remote sensing applications such as the 
computation of the radar scattering cross section and 
the modulation transfer function [e.g., 13-14]. 

IV. SUMMARY 

 Field measurements of intermediate-scale waves 
were obtained using a free-drifting measurement 
technique to reduce the complication in frequency-to-
wavenumber conversion associated with Doppler 
frequency shift. Following an analysis by Phillips 
[1984] on the source function balance of surface waves, 
the dependence of the dimensionless spectrum, B(k), on 
the dimensionless wind friction velocity, u

*
/c, is 

investigated. The result shows that B(u
*
/c) can be 

represented by a power-law function. The 
proportionality coefficient, A0, and the exponent, a0, of 
the power-law function are determined from field data. 
The parameterization functions A0(k) and a0(k) can then 
be used to construct the wavenumber spectra of 
intermediate-scale waves at different wind speeds 
(Section 2). Using this spectral model, the band-pass 
filtered mean-square slope is derived. The calculated 
mean-square slopes are in good agreement with those 
obtained from analyses of sun glitter and Ku-band 
altimeter scattering cross sections. Empirically, it is 
found that the mean-square slope integrated from kp to 
ks (ks≥~10 rad/m) increases approximately linearly with 
wind speed. The spectral model described here can be 
used for convenient computation of the band-pass 
filtered ocean surface roughness components frequently 



needed in remote sensing applications.  
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